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GEOMETRY

?A Geometry review ?F Proofs and quadrilaterals

7B Congruence ?G Circle geometry:

T circles and angles
7C Similarity
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_ ?H Circle geometry: chords
7D Understanding proofs

e 6

71 Circle geometry:

7E Proofs and triangles tangents and secants

ESSENTIAL QUESTION




AP 1

PAp 2

What is the internal angle sum of a
triangle?

What is the value of x in this diagram?

71°

42°

4

A T1°
C 67°

Consider

this diagram. 7M

a  What is the 477 ¢

value of a? A

What is the

value of b?

A 47° B 71°

C 62° D 118°
¢ What is the value of ¢?

Which statement is false?

A A rhombus is a square.

B A rectangle is a parallelogram.
C A square is a rectangle.

D A rhombus is a parallelogram.

What is the u 126°
value of x

in this

diagram?

Are you ready?

7B p 6 Which of these is not a condition for

congruence in triangles?
A SAS B AAA
C SSS D AAS

Which option would allow you to
calculate the scale factor for these
similar figures?

N

AB . AC
DE " ED
BC , AB
DE DF

If 4x + 10 = 24, find the value of x.

If 5x — 2 =3x + 2, find the value
of x.

A

For this diagram
of a circle,
name the

part shown:
a inred

in blue

b
¢ 1in green
d

in yellow.




m CHAPTER 7: GEOMETRY

?A Geometry review

Consider this diagram.

1

What is the relationship between angles:

a aandb? b «and d?
¢ fand? d candg?
e fand;? f cand/?

Make a glossary list of all angle relationships that you can see
within the diagram. Be sure to include angles around a point,
angles and parallel lines, angles within a triangle and a quadrilateral.

3 What type of angle is angle ¢? How is this different from angle &?

4 Make a glossary list of all the types of angles.

5 What is the angle sum of angles /, i and ;? How do you know?

6 What type of triangle is this?

7 Make a list of the six different types of triangle and their attributes.

8 How is angle g related to the triangle from question 6?

9 What is the angle sum of angles ¢, ¢, fand g? How do you know?
10 What type of quadrilateral is this?
11 Make a list of the six special types of quadrilateral and their attributes.
12 Explain why, if you knew the value of angles @ and e, you could find the value of every other angle in

the diagram, including those not labelled.
KEY IDEAS /
» Complementary angles add to 90°. f/l/
» Supplementary angles add to 180°.
» Angles around a point add to 360°. alternate angles
» Vertically opposite angles are equal. i
» When parallel lines are crossed by a transversal, / /
a number of angles are formed, as shown at right. /U I<l/

» A polygon is a closed shape with straight sides.
» A triangle has an angle sum of 180°. /U /
» A quadrilateral has an angle sum of 360°. corresponding angles co-interior angles

(equal) (supplementary)



7A GEOMETRY REVIEW m

EXERCISE 7A Geometry review

EXAMPLE 7A-1 Finding angle size using angle properties
Find the size of the labelled unknown angles in this diagram. w 71;
/

\38°
THINK WRITE
1 Angle w is supplementary to 71°. w =180 — 71°=109°
2 Angle x is vertically opposite 71°. x=171°
3 Angle y is complementary to 38°. y=90°—38°=52°
4 Angle z is supplementary to angles 71°, y and 38°. z=180° - 71° = 52° - 38°=19°

1 Find the size of the labelled unknown angles in these diagrams.

a b 66° c

34° a

AIN3INT4 ANV INIONVLSHYIANN |

73°

h ] . 42° P J




304 CHAPTER 7: GEOMETRY

EXAMPLE 7A-2 Finding angle size using angle

relationships with parallel lines

Find the value of the pronumerals in this diagram.

THINK

1 Angle a is corresponding to 79°. Corresponding angles
are equal.

2 Angle b is co-interior to angle 47°. Co-interior angles
are supplementary.

3 Angle cis alternate to 79°. Alternate angles are equal.

4 Angle d is supplementary to angle ¢ and the angle
which is vertically opposite and hence equal to 47°.

79\ ¢
b 47 \d

WRITE
a=179°

b=180°—47°=133°

c=79°
d =180°—79° — 47° = 54°

AIN3INT4 ANV INIAONVLSYHIANN |

2 Find the value of each pronumeral in these dia

grams.

/S Y A

a /b
17° n 49°

126°

X
510 117°

3 Find the value of each pronumeral in these dia

grams.

a b T[4 38° c

97°




7A GEOMETRY REVIEW m

EXAMPLE 7A-3 Finding angle size using triangle properties

X
Find the value of each pronumeral in this diagram.
y z\ 111°

THINK WRITE

1 Angle z is supplementary to 111°. z=180°—111° = 69°

2 Angle y is equal to angle z because the triangle is an y=z=69°

isosceles triangle.
3 Angle x is supplementary to angles y and z because x = 180° — 69° — 69° = 42°
there are 180° in a triangle.
[ 4 Find the value of each pronumeral in these diagrams.
a b c 7
58°
c 32°
a 46°
A
d e f
S e 379
| d 131° 37° 152° 68° g\/h
inding angle size using
guadrilateral properties
Find the value of each pronumeral in this diagram. 216° ‘
93°
THINK WRITE
1 Angle w is supplementary to 93°. w=180° —93°=87°

2 Angle x is equal to angle w because a kite has a pair of x=w=87°
equal and opposite angles.

3 Angle y and 216° add to 360°. »=360°—216° = 144°

4 Angles w, x, y and z add to 360° because the angle sum z=360° — 144° — 87° — 87° = 42°
in a quadrilateral is 360°.




m CHAPTER 7: GEOMETRY

5 Find the value of each pronumeral in these diagrams.

a 9)° b b 63°
136°

77° a

=9
SN
o

o

S g
—
)

AIN3INT4 ANV INIONVLSYIANN |

6 You can use the internal angle sum of a triangle to find the
internal angle sum for any polygon. Consider this octagon.
a  How many sides does it have?

b How many triangles is it split into?

What is the difference between these two numbers?

Use the triangles to calculate the internal angle sum of
an octagon.

(4]

Repeat parts a—d to find the internal angle sum of a:

i pentagon ii decagon iii heptagon iv dodecagon.

——,

Explain why the internal angle sum of any polygon can be found using the

ININOSVIYH ANV INIATOS WITd08d |
=9

formula (n — 2) x 180°, where n = number of sides.

7 Use the formula obtained in question 6 to find the internal angle sum of a
polygon with:
a 20 sides b 50 sides ¢ 100 sides.

180°(n — 2)
n

8 a Explain why you can use the formula x = to find the size of an

individual internal angle in any regular polygon.

=n

Why can this formula only be used for regular polygons?

9 Find the size of an individual internal angle for a regular:
a heptagon b nonagon ¢ hexagon.

10 Find the number of sides for a regular polygon that has each internal angle equal to:
a 160° b 144° ¢ 170° d 179.64°.

11 Find the value of x in each diagram.

=]

2x

6x




ININOSYIY ANV INIATOS WIT804d |

JINITIVHI |

7A GEOMETRY REVIEW

12 Decide if each statement is true or false. If false, write a correct version of the statement.
a A kite has a pair of equal opposite angles.

=

Angles around a point add to 180°.

(£]

An isosceles triangles has two pairs of equal angles.

(="

Corresponding angles in parallel lines are supplementary.

[(¢"]

A square is a rhombus.
A parallelogram is a rectangle.
Complementary angles add to 180°.

= e

A triangle that has one 60° angle must be equilateral.

o

A quadrilateral can have a maximum of one concave angle.

13 Find the value of each pronumeral, giving reasons.

a b e 127° []
113° 36°

301° g 955

N Na7° 14

L0
AN

14 Find the value of each pronumeral, giving reasons.
a b

119°

264°
a ‘ b d

e f
18°
- 165 ; Reflect
f What numbers are important
530 e i when considering the
42° 90° relationships between angles,
111° :

lines and polygons?

=

307
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7B Congruence

1

2

For any two figures to be (identical in shape and size), they must have
all corresponding sides the same length and all corresponding angles the same size.

3

List the length of each side and the size of each angle in AABC.
For example, AB = 12 cm, LABC = 56°, etc.

Draw ADEF, where DE = 8 cm, EF = 10 cm and DF = 12 cm.

Is ADEF congruent to AABC? How do you know? 10 cm

When two triangles have all their corresponding sides the same length (SSS), the corresponding angles
are also the same size. This means that the triangles are congruent.

4

Measure the angles of ADEF to confirm that these triangles are congruent.

When two figures are congruent, you write this as a statement with the congruency symbol =. The same

0
5

6
7
8

rder of corresponding vertices is used in naming matching sides, angles and shapes.
List the corresponding vertices and hence write a congruency statement for the two triangles.
Draw AGHI, where ZGHI = 41°, ZHIG = 56° and Z1GH = 8§3°.
Can you tell if AGHI is congruent to AABC? How do you know?

Explain why, if two triangles have all their corresponding angles the same size ( ), this does not
mean that they are congruent. You may like to include diagrams with your explanation.

KEY IDEAS

Congruent figures are identical in shape and size but can be in any position or orientation.
Two figures are congruent if their corresponding sides are all the same length and their
corresponding angles all the same size. The symbol for congruence is =.

Matching sides, angles and shapes in congruent figures are named using the same order of
corresponding vertices.

For triangles, there are four conditions for congruence (shown in the table).

The specifications AAA and SSA do not necessarily mean congruence (more information is needed).

Three corresponding =~ Two corresponding pairs of Two pairs of angles are equal = The hypotenuses and a
pairs of sides are sides are equal in length and and a corresponding pair of corresponding pair of sides
equal in length. the corresponding sides are are equal in length in

pair of angles equal aright-
B in between / in length. / angled
are equal. triangle.



7B CONGRUENCE m

EXERCISE 7B Congruence

A
Assuming this pair of triangles is congruent, 21 em
match the corresponding sides.
C 68° B

- Matching corresponding sides D
EXAMPLE 78-1 in congruent triangles
21 cm
E
16 cm
20 cm F
THINK WRITE

1 Name the two sides that are 21 cm long according to the order of AC=ED
corresponding vertices; that is, A and E, C and D.

2 BCis 20 cm and EF is 16 cm, so if the triangles are congruent, BC=FD
BC must be equal to FD.
3 Write the last pair of corresponding sides. AB =EF

1 Assuming each pair of triangles is congruent, match the corresponding sides.

c
E a Q b R G 7 cm
o)
116° D
E 9cm 77°
o 13
; P * 25cm R -
= N 13 cm
> 389
= 390
= 9em U 12 cm T
- T 26°
- 19 cm M B
=z
e
c 0o d A N Y
G
N
13 cm
P 12 cm 13 cm
F H
C B V4
E
e f Y
10 cm
Z \%%
G




m CHAPTER 7: GEOMETRY

- Finding unknown side lengths and B
EXAMPLE 7B-2 angles in congruent triangles 15 cm

440
A
Find the unknown side lengths and angles in X 19 cm
this pair of congruent triangles. 3 CY
V4
THINK WRITE
1 Match corresponding sides to identify AB=YZ=15cm
the unknown side lengths. BC=ZX=8cm
AC=YX=19cm
2 Match corresponding angles to identify ZABC = ZYZX = 114°
the unknown angles. Use the triangle ZACB = LYXZ = 44°
sum of 180° if necessary. ZCAB = /XYZ =180° — 114° — 44° = 22°

2 Find the unknown side lengths and angles in each pair of congruent triangles.

a 12 cm
59° 4 cm
11 cm 7 em f
IOCm 00
a 107°
10 cm . k 40° 7 cm
J 40°
11593 cm

Scm

EXAMPLE 7B- Identifying congruence conditions
12 cm 79 6 cm 12 cm
Decide which condition you would use to check
. . . . . M

if this pair of triangles is congruent.

THINK WRITE

1 Look at the triangles. AABC has two given side
lengths and two angles and ALMN has two given
angles and a side length.

2 Can any information be added to the triangles?
Both triangles have two angles, so the third for
each can be found.

3 AABC now has information for AAS and SAS, You would use the congruence

but ALMN only has information for AAS. condition AAS to check if these
triangles are congruent.
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7B CONGRUENCE m

3 Decide which condition you would use to check if each pair of triangles is congruent.

“ 5 ~1305~6 b
28° 22°
10
10
15 cm
6
C d 3cm
310 .
20 2121 20
5cm 4 cm
81° 68°
11 11
12 cm
C M A f
bem™ 1110 10 cm 370
K S 5cm
10 °
cm 111 6 cm
B H 0 53°

11 cm /40°

80°

3cm

5cm

EXAMPLE 7B-4 Identifying congruence

Decide if this pair of triangles is congruent,
giving a reason for your answer.

THINK

1 Two side lengths and an angle are given that are

the same in both triangles (9 cm, 16 cm and 66°).

2 In AABC, the known angle is between the
two sides, which fits the SAS condition for
congruence.

3 The same sized angle in AQRS is not between
the same two sides. A different sized angle (85°)
is between the two sides, which means that
these two triangles fail the SAS condition for
congruence.

9 cm

66°

16 cm

WRITE

congruence.

The two triangles are not congruent
as they fail the SAS condition for
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4 Decide if each pair of triangles is congruent, giving a reason for your answer.

a 16 cm b 48 cm
° u
24 45 49° 48 cm
12 em~111%/ 7em 55 cm 7o
41°
1o ~12cm 73 cm
24°
14 cm
C d 16 cm
42° 7 cm
10 cm 9 cm 19 cm 19 cm
15¢cm
61° 77° 9cm
7 cm 16 cm
e f 9 cm
77°
3 (o}
12 cm 13 cm
41 cm 40 cm
80° 68° 40 cm
7 cm
130/ 40 cm

5 Use your understanding of triangle properties to decide whether each pair of

triangles is congruent.

5cm
a b
7 6 cm 2.5cm 129°
26° 230 2.5cm
6 cm S5cm

7 cm

48°
7 em 48°

52°
80°

a Use a square and a rhombus to show that having all corresponding sides the same
length is not enough to prove congruence for shapes other than triangles.

b Use a parallelogram and a rhombus to show that meeting SAS does not prove
congruence for shapes other than triangles.

¢ Use a square and a rectangle to show that meeting AAS does not prove
congruence for shapes other than triangles.

d Can you think of an alternative to SAS and AAS that could prove congruence in
quadrilaterals? Investigate if this pattern continues for other polygons.
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Lachlan said that each pair of triangles is congruent. Explain why he is wrong in

-
st each case.
(o]
R
- F G 55° R
< 85°
s o
E M 9cm e K 16 cm
= F A 16 cm 17 cm
@ 47° 17 cm
>
z 85° 9 cm
- ] 1188° N L
m
>
[72]
o
=
=
[p]

D U
41° B
10 cm 10 cm
41° L
H T (0]

83° 56°\ |83° 56°

Explain why correspondence of side lengths and angles is important when deciding if
a pair of triangles meets a congruency condition.

Decide if each statement is true or false.
If two triangles meet AAA, they are not congruent.

If two triangles each have two corresponding sides the same length and one
corresponding angle of the same size, the triangles are congruent.

A pair of triangles can meet one congruence condition but fail another.

If AABC is congruent to ADEF, and ADEF is congruent to AGHI, then AGHI is
congruent to AABC.

If two quadrilaterals have all sides equal in length, then they are congruent.

All equilateral triangles are congruent.

Use your understanding of the relevant geometrical properties to draw each
description and show that the triangles within them are congruent.
A circle with centre O has a right-angled triangle drawn
where the right angle is at the centre and the short sides
are radii of the circle. A second right-angled triangle is
drawn in the same circle under the same conditions.
An equilateral triangle is split into four smaller
triangles by drawing the three of a single
triangle at the midpoint of each side, as seen in the
diagram at right.

A Kkite is split into two triangles by a line drawn vertically down its centre.
A regular hexagon is split into six triangles

by drawing 3 diagonal lines joining opposite

vertices.



314 CHAPTER 7: GEOMETRY

7C Similarity

11 cm

1 What is similar and what is different about the first pair

i ? 6 cm

of triangles? 70 em E

Similar figures are exactly the same shape but can be different sizes. Sem 820N 5 oo
C o (<)

2 Explain how you know two triangles are similar if they have the same angles. D 325 Sem 66
3 How might you figure out if the second pair of triangles

are similar? X R
4 How long is QS compared with YX? 3 cm 4 cm 6 cm 9 cm
It is important when checking that corresponding sides are in zh5 Y /

. . cm

the same ratio that you check every pair of sides. Q 12 cm S

5 Check that the other two pairs of sides are in the same ratio.

This ratio is called scale factor, can be calculated using the formula: scale factor = w.
original length

6 Explain why, if the image is bigger than the original, the scale factor will be bigger than 1, but if the

image is smaller than the original, the scale factor will be a [raction less than 1.

KEY IDEAS
» Similar figures are identical in shape but can be different in size.

» For two figures to be similar, all angles must be equal in size and all corresponding
sides must be in the same rati

» If two figures are similar, an unknown side length or angle can be found if the scale
factor is known.
» Scale factor is calculated using the formula: scale factor = M.
original length
» For two triangles to be similar, they must meet one of four similarity conditions:
> SSS: All three corresponding sides are in the same ratio.
> SAS: Two corresponding sides are in the same ratio and the angles in between are
equal.
> AAA: All three corresponding angles are equal.
> RHS: The hypotenuses are in the same ratio as another pair of sides in right-
angled triangles.
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EXERCISE 7C Similarity

EXAMPLE 7C-1 Finding the scale factor .
A
Find the scale factor for this pair of 24 cm 8 cm
o ] 12 cm 20 cm
similar triangles. Assume that the
. . . . D
first triangle is the original.
B 30 cm ¢ 16 cm F

THINK WRITE
1 To find the scale factor, compare corresponding sides. BC =30 cm, EF = 20 cm

Choose the longest side of the original triangle (AABC)

and the longest side of the image (ADEF).
2 Substitute these two side lengths into the formula for Scale factor = M

original length
scale factor.
20 cm

3 Check that the scale factor seems reasonable. 30

(Number between 0 and 1 means a recuction.) 2 om

3
4 Match the remaining corresponding sides and check Scale factor = l6_38_2
S \ 24 12 3

that each side is in the same ratio.

5 Write your answer. Scale factor = %

1 Find the scale factor for each pair of similar triangles. Assume that the first triangle

c
z in the pair is the original. L
m
b a X b F
:c_z>' 9 cm 117° 5cm 9 cm
o 770 41° 7 cm 12 cm 13.5cm
= I Q G
(3]
> P 30 cm C B 8 cm
o w
- 10.5 cm
= 12.5 cm 22.5cm
c
m
2 ¢ r
S
¢ | d D 3cm o
378 K 90°
9.3 em 11.6 cm 27 em 24 cm 8 cm 9 cm
18.6 cm
23.2 cm
90° 53¢
V4
A 7 cm T
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Finding unknown side lengths
in simi%ar triangles : " 2
12 cm
Find the unknown side lengths in this pair
.. . 6 cm 5cm P
of similar triangles. y
G X H 15cm
R
THINK WRITE
1 As the triangles are similar, all corresponding Corresponding pairs of sides are:
sides must be in the same ratio. Match FG and RQ. GH and QP, FH and RP
corresponding sides.
2 Use the pair of corresponding sides that both Scale factor = %lelngthh
have measurements (FH and RP) to find the (f{r;)gmet engt
scale factor from AFGH to ARQP. “FH
Check that the scale factor seems reasonable. 156
(Number larger than 1 means an enlargement.) v
=3
3si . e . _ QP
ince x is on the ‘original’ triangle, divide the x=—
length of the corresponding side in ARQP by the i(;aéinfactor
scale factor. T3
=4cm

4 Since y is on the ‘image’ triangle, multiply the
length of the corresponding side in AFGH by the
scale factor.

5 Write your final answer.

y = FG X scale factor
=6cm X3
=18 cm

x=4cmandy=18 cm.

2 Find the unknown side lengths in each pair of similar triangles.

c
= . .
= a v b ¢ M 7 cm E
b 24 cm
= 30 cm L N
E 10 cm d < Yy 6 cm
z I Y 28 cm
> y 3.5cm
g K 48 cm 10.5 cm
-
=
c d (S f
i 4 cm X
= 5 6 cm y 19
cm
15 y 26 cm x 76 cm 80 cm om
12 cm cm
G
1
a 24 cm 13cm
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Decide if this pair of triangles is similar,

22°

7C SIMILARITY 317

giving a reason for your answer. 0

THINK

1 ALUK has two sides and an angle in between,
so use the similarity condition SAS to compare.
Match corresponding sides and angles.

2 Since ZPTO corresponds to ZLUK, check if
the angles are equal.

3 PT corresponds to LU. Find the scale factor
from APTO to ALUK.

4 TO corresponds to UK. Find the scale factor
from APTO to ALUK.

5 Look at your results and write your final
answer.

I? U
39° 24 cm 64 cm
99° 3cm .
7 cm T K

PT corresponds to LU

ZPTO corresponds to ZLUK
ZTOP corresponds to ZUKL
ZTPO corresponds to ZULK
TO corresponds to UK

OP corresponds to KL

ZPTO = ZLUK = 99°

image length
original length
_LU
~PT
_24cm
" 3cm
=8

image length
original length
_UK
- TO
_64cm

~ 7cm
= 9.14

Scale factor =

Scale factor =

The two triangles are not similar as the
two scale factors are not the same, so
they fail the similarity condition SAS.

Decide if each pair of triangles is similar, giving a reason for your answer.

Bem 7.y

12 cm 3cm
Scm 6 cm
B
109° 21 cm
X 44 27 S

U 27° 44° Q
1092
N

9 cm

20 cm

9 cm 27 cm
7 cm
D
R
16 cm 63° 9 cm
39° > 7
o o L
v 63 78 A
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€ f 6 cm

Y H
12 cm
20 cm \VA 9cm L‘O
18 cm

6 cm G 12 cm M

4 Use your understanding of triangle properties to decide whether each pair of

triangles is similar.

W
a E b
12 cm 35
116° 116°
F D ™~
6 cm Y X 29°
C ] O R d
lgcm
’\ 33°
12 cm 5cm
7.2 cm
G
E 12 cm D 3cm

a Use a rectangle and a parallelogram to show that having all corresponding sides in
the same ratio is not enough to prove similarity for shapes other than triangles.

b Use a parallelogram and a rhombus to show that having all corresponding angles
the same size is not enough to prove similarity for shapes other than triangles.

¢ Use a rectangle and a square to show that meeting SAS does not prove similarity
for shapes other than triangles.

d Use a parallelogram and a rhombus to show that meeting AAS does not prove
similarity for shapes other than triangles.

e Can you think of an alternative to SAS and AAS that could prove similarity in
quadrilaterals? Investigate if this pattern continues for other polygons.

Jessica said that each pair of triangles is similar. Explain why she is wrong in each case.

. K
a H L 20 cm l) V
N 10 cm
R

38 cm X

19
com 20 cm

40 cm 1 F

Explain why correspondence of sides and angle is important when deciding if a pair
of triangles meets a similarity condition.

A 1-m ruler is placed upright next to a tree. If the ruler casts a 2.3 m shadow and the
tree casts an 11.2 m shadow, how tall is the tree?
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sesmariry [N

A ski jump is 8.2 m long. It has vertical supports
at the half-way mark that are 1.8 m tall.

How tall is the ski jump at its end? 1.8 m

.. . 8.2 m
Use similar triangles to calculate the unknown

height or length of something in your classroom. Include a diagram in your answer.

Select two pairs of similar triangles from these options. Provide reasons for your
selection.

D 44 cm
57°
10 28
M cm cm 0 em
w
L S
M 2
112° 8 cm 81°
H
16 cm T > cm
A 32 67 K
9cm
R
U 16 cm 57° I
17.5 cm 122°
o 28 cm G
81 10 cm \%
M

Decide if each statement is true or false.
If two triangles meet AAA, they are not necessarily similar.
If AABC is similar to ADEF, and ADEF is similar to AGHI, then AGHI is similar
to AABC.
All isosceles triangles are similar.
All squares are similar.
If two triangles fail SAS, they are not necessarily similar.

If two quadrilaterals have all sides in the same ratio, they are not necessarily similar.
Dilating AS1J by % gives APWX. Is this a reduction or enlargement? Explain.

A flagpole has a guide wire attached at its midpoint, tethered to the ground 2.7 m
away. A metre ruler standing vertically touches the guide wire when placed 75 cm
away from where it is tethered to the ground. How tall is the flagpole?

Explain how you can use similar triangles to
find the width of a river. (Hint: you will need
to use four markers on one side of the river,
one of which lines up with a landmark on the
opposite side.) Draw a diagram to support
your answer.
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7D Understanding proofs

1

How do you know when something is true?

It is important in mathematics not to just demonstrate that

something is true or that it works, but to prove that it is true.

2

3

Which angles are equal in this diagram? How do you know?

Copy the diagram and cut out the angles and demonstrate that angles
a and ¢ are equal in size.

This is a practical demonstration that vertically opposite angles are equal, but it is not a proof.

A mathematical proof is a series of statements that show that a theory is true in all cases. Usually the

proof uses some self-evident or assumed statements, known as axioms, in showing that something is true.

One of the most famous mathematicians, Euclid (who lived around 300 BC), was able to prove much of

the mathematics you use today, using only five axioms.

You can use the fact that there is 180° around a straight line as an axiom to prove that vertically opposite

angles are equal.

4
5
6
7
8
9

What is a + b equal to?

What is b + ¢ equal to?

How do your answers to questions 4 and 5 show that a + b is equal to ¢ + b?

How does this show that « is equal to ¢?

Write these steps as a mathematical proof showing that angle « is equal to angle c.

Why do you think proofs are important in mathematics?

KEY IDEAS

» A mathematical proof is a series of statements that show that a theory is true in all cases.
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EXERCISE 7D Understanding proofs

EXAMPLE 7D-1 Proving that vertically opposite angles are equal C

Prove that ZABC = ZDBE. A B
D
E
THINK WRITE
1 Use angles around a straight line to write a ZABC + ZCBD = 180°
statement about ZABC and a statement about /DBE + ZCBD = 180°

ZDBE that share a common angle.

2 Since the right side of each equation is the same, the Z/ABC + £CBD = #DBE + ZCBD
left sides must be equal.

3 Simplify by subtracting ZCBD from both sides of ZABC = ZDBE
the equation.

_ . M 0
- 1 Fill in the gaps to prove that @ NOTE insome books
g £ MNQ = ZONP. N you may notice the
5 ZMNQ + ZQNP = o letters ‘QED’ written
i _ 5 Q P at the end of a proof.
; ZONP+2 =180 This is an acronym for
e / + ZQNP =/ + ZQNP 7 the Latin phrase quod
% A X erat demonstrandum,

£ =/ .
=Z> which means
o Y ‘which had to be
- 2 Prove that ZXYW = ZZYV. demonstrated’.
c
z 2 Show that ZEOF = ZBOC, v W
=<

starting with the opening statement:

B
C
A
o)
H I
F D G J
E
a «EOF + ZFOB = 180° K
b ZEOF + ZAOF + ZAOB = 180°.
N
L

4 Show that ZGKJ = ZNKL.
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EXAMPLE 7D-2 Proving that alternate angles are equal

Prove that ZACF = ZCFG,
given that ZCFG = £ZBCD.

THINK
1 Write the given information.

2 Write statements linking ZACF and ZBCD.

3 Use the given information to complete the proof.

B
A ¢ D
F
E G
H
WRITE
ZCFG = /BCD

ZACF + ZDCF = 180°

£ZBCD + ZDCF = 180°

ZACF + «DCF = ZBCD + £ZDCF
ZACF = ZBCD

but ZBCD = ZCFG
so ZACF = ZCFG

AININT4 ANV INIAGNVLSHIANN |

5 Fill in the gaps to prove that ZTUQ = ZSQU, given that ZTUQ = ZPQR.

ZTUQ = ZPQR

ZPQR + £ZPQU=_

ZSQU+ -« =180°

ZPQR+~«  =/SQU+.«_
ZPQR=4

but ZPQR = ZTUQ

so /TUQ=~__

£ Given that ZJLK = ZLON, show that
Z/MLO = ZLLON.

7 Given that ZXYW = ZYUT, show that Z/WYU = ZVUY.

T

R

X
Z 4 W
\ U T
S C
& Given that ZABC = ZEFB, show that Z/DBF A s/ D
is supplementary to ZBFG. /
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Is the sum of two even integers always even? To investigate, consider any two even
numbers; call them x and y.

How do you define an even number?

Explain why it follows that you can write x as 2a.

Write y in the same format using the pronumeral b.

Write x + y using the format from parts b and

Factorise your answer to part

Explain why your answer to part e proves that the sum of two even integers is

always even.

Write the proof in full.

Use a similar method to that shown in question 9 to prove that the square of any
even number is always even.

There are different types of mathematical proof — so far you have seen a type called
. Another method of proof is called , where for a

statement to be true a contradiction would have to occur, so that the statement is
shown to be false.
One such proof involves the square root of 2. To prove that it is an irrational number,
you instead try to prove that it is a rational number.

What is a rational number?
A rational number can be written in the form %, where a and b are whole numbers,
and b is not equal to zero.

So, if the square root of 2 is rational, V2= -
You assume that this fraction is in simplest form; that is,  and b have no common
factors.

Explain why @ or h may be even, but ¢ and b cannot both be even.

Square both sides of the equation you found in part

Explain why you can write this in the form a®> = 2b%.

How do you know that a? is even?

How do you know that a is an even number? (Hint: look at question 10.)
So you know that a is an even number, which means that 5 cannot also be an even
number.

Explain why you can now write « as 2k.

Substitute this into the equation a*> = 252,

Expand this and explain why it shows that b is also an even number.

Explain why this means that /2 is not rational.

Write the proof in full.

Follow a process similar to that in question 11 to show that 32 is an irrational
number.
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Another example of proof by contradiction is used in proving that if corresponding
angles are equal, the lines must be parallel. Start with the (false) assumption that if
two corresponding angles are equal, then the lines are not parallel.

Why does this mean that the lines would intersect?

Consider this diagram, showing

intersecting lines DG and HF,
cut by the transversal EJ.

Name the two angles in
the diagram that you are

assuming are equal.

The other assumption that you must make is that the length AC > 0.
Why do you need to make this assumption?

Say that ZEAB = ZACB = x.
Show that ZBAC = 180° — x

If ZABC can be represented by y, write a statement adding all the angles in
AABC.

Show that simplifying this statement leaves you with y = 0°.

How does this imply that AC does in fact equal 0?

Explain how this is proof by contradiction that if corresponding angles are equal,
then the lines must be parallel.

Write the proof in full.

Another method of proof is called . In its simplest form, you
can prove that ‘if a then b’ by first proving ‘if not b then not «’. One example of
proof by contraposition is to show if p? is odd, then p must be odd.

What is the contrapositive statement to ‘if p? is odd, then p must be odd’?

Prove this contrapositive statement. Hint: this is what you are asked to do for
question

Write a final statement to complete the proof by contraposition.

Use proof by contraposition to prove this statement.
If the product of @ and b is odd, then both ¢ and b must be odd.

Hint: write the contrapositive statement and prove this first.

Use proof by contraposition to prove that if @> — 2a + 3 is even, then @ must be odd.



Another method of proof is

This is where you initially prove
the statement for a single case, for
example n = 1, and then prove it
to be true for a rule, such as
n =k + 1, where k is an integer.
Explain why, if something is
trueforn=landn=%k+1,
then it must be true for all
integers.
An example is to prove that all
integers that can be written as
2n + 1 must be odd.
Prove this statement for:
n=1 n=2

n=99 n=100.

7D UNDERSTANDING PROOFS m

Substitute n = k + 1 into 2n + 1 and prove that this is also an odd number.

Write a closing statement to finish the proof.

Use proof by induction to prove that 3" — 1, where n is a positive integer, is a multiple

of 2.

It is important when you complete proofs that you do not make errors because,

if you are not careful, you may think you have proven something that is actually false.

The following example ‘proves’ that 2 = 1. Can you find the error?

a = b, where a and b are not equal to zero.
Then a® = ab

and a®> = b* = ab — b?

Factorising gives (a + b)(a — b) = b(a — b)
Dividing by (¢ — b) givesa+ b =>
Remember that a = b

Sob+b=b

So2b=b

Dividing by b gives 2 = 1

Follow a process similar to that in question
number.

Create your own proofs using:
direct proof
proof by contradiction
proof by contraposition

proof by mathematical induction.

You may wish to use the Internet to help you.

to show that /5 is an irrational
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7E Proofs and triangles

1
2

What is the internal angle sum of a triangle?

Draw a triangle and by either measuring
its angles or by cutting out its angles and
placing them in a straight line, show that )

it has an internal angle sum of 180°.

Why is drawing 10 different triangles and L
showing each has an angle sum of 180° L ——

not a proof?

You can use your knowledge of angles and parallel lines to prove that B

the internal angle sum of a triangle is 180°.

4

5
6
7

o

10

Name the internal angles of the triangle.

Show that ZCBE = ZBCA.

Which angle is ZBAC equal to? F G

Write an equation for the angles around the straight line DE.
(Hint: the three angles add to 180°).

Substitute the values you found from questions 5 and 6 into this equation.
Explain why this is the end of the proof.
Write the proof in full.

KEY IDEAS

>

Many properties of triangles can be proved using knowledge of angles around a straight line
and in parallel lines.

This information can also be used to prove congruence in triangles.

The symbol for congruence is =.
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EXERCISE 7E Proofs and triangles

- Proving the exterior angle of a triangle is the sum
EXAMPLE 7E-1 of the two opposite internal angles

B
Prove that ZBCD = ZABC + ZCAB.

THINK WRITE

1 Write an equation linking the exterior ZBCD + ZBCA = 180°
angle of the triangle and the straight line it
lies on.

2 Write an equation linking the internal ZABC + ZCAB + £BCA = 180°
angles of the triangle.

3 Equate the left sides of the two equations. Z/BCD + /BCA = ZABC + ZCAB + ZBCA

4 Simplify by subtracting ZBCA from both ZBCD = ZABC + ZCAB
sides.

1 Prove that ZWXY = ZXZY + ZZYX by Y
following these steps.

a  Write an equation linking the exterior angle of
the triangle and the straight line it lies on.
b Write an equation linking the internal angles
of a triangle. X

¢ Equate the left sides of the two equations.
d Simplify the resulting equation.
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2 Prove that ZJLM = ZJKL + ZLJK.
M

J K

3 Prove that ZEFG = ZFDE + ZDEF. D G
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- Proving that two triangles are congruent
EXAMPLE 7E-2 using equal sides Y

If XY = XW and ZY = ZW, prove that AXYZ = AXWZ.

X V4
W
THINK WRITE
1 If AXYZ and AXWZ are congruent, they X is common to both triangles.
have corresponding vertices. Match them Z is common to both triangles.
for the two triangles. Y corresponds to W.
2 Decide if the given information is enough Two pairs of corresponding sides are equal
to satisfy a congruence condition. in length. Need another piece of information
to check for congruence.
3 List a third piece of information. XZ is common to both triangles.
4 Check for congruence and write the proof. XY = XW (given)

ZY = 7ZW (given)
XZ is common to both triangles.
AXYZ =~ AXWZ (using SSS)

AIN3INTS ANV INIONVLSHIANN |

4 If AB=CB and AD = CD, prove that AABD = ACBD.
B

D

5 Prove that APQR = APSR.

~_
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If KL = KN, ZLKM = ZNKIJ and ZLMK = ZNIJK, prove that

AJKN = AMKL using a congruence condition.

THINK

1 If AJKN and AMKL are congruent, they have
corresponding vertices. Match them for the two
triangles.

2 Consider the given information.

3 Decide if you have enough information to meet a
congruence condition (two pairs of equal angles
and a corresponding pair of sides that are equal
in length). Write the proof.

7E PROOFS AND TRIANGLES m

J corresponds to M
N corresponds to L
K is common to both triangles

Sides KL and KN are corresponding
and equal in length.

Angles LKM and NKJ are
corresponding and are equal.

Angles LMK and NJK are
corresponding and are equal.

KL = KN (given)

ZLKM = ZNKIJ (given)
ZLMK = ZNJK (given)
AJKN = AMKL (using AAS)

If AC =DC, ZACB = £ZDCE and ZCBA = ZCED, prove that AABC = ADEC by

following these steps.

Write the given information.

Write a statement about the third angle of each triangle.

Prove that the triangles are congruent by showing that they meet a congruence

condition.
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7 If QR = QT, £PQR = 4SQT and ZRPQ = £TSQ, prove that APQR = ASQT.
P

S

R T

8 Prove that AVWX =AYZX.

10

v Y
X
E G
W N,
Use the fact that DE and FG are parallel
to prove that /EFH = ZDEF + ZFDE. F

Question 8 used the fact that if a triangle has two sides that are equal in length, then
the angles opposite those sides are equal. You can prove this fact using congruent
triangles. Consider AXYZ.

a

d

= K@ == ©

Y

Z

Draw a line from Y to the midpoint of XZ, and name this point W.
Name the two triangles now formed.

Which two sides do you know are equal in these two triangles?
Name the side common to both triangles.

Explain why £ZXYW = LZYW.

Use a congruence condition to prove that AWXY = AWZY.
Explain why you now know that ZWXY = ZWZY.

Write the proof in full.
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11 Use what you have proven in question 10 to prove that the angles of an equilateral
triangle are 60°.

12 Pythagoras’ Theorem is
another theorem that is
reasonably simple to prove.
Consider this diagram, which
shows one square drawn inside
another so that four congruent
right-angled triangles are
formed.

a How do you know that the
hypotenuse of each triangle
is equal in length?

b Explain why the area of
the larger square can be
represented by the equation
A= (a+b).

¢ Write an expression for the area of the smaller square.

b a

d  Write an expression for the area of one of the triangles.

e Explain why the area of the smaller square plus the four triangles can be
represented by the equation 4 = ¢ + 2ab.

f  Why can you now write (¢ + b)> = ¢2 + 2ab?

Expand and simplify the expression to prove Pythagoras’ Theorem.

h  Write the proof in full.

(=]

13 Prove that the four right-angled triangles in question 12 are congruent and hence
show that the corresponding angles in the triangles are equal.

4 Prove that drawing a triangle along the midpoints of an equilateral triangle splits that
equilateral triangle into four congruent, equilateral triangles. (Hint: you will need
to make use of your knowledge of angles around a straight line and the isosceles
triangle theorem.)

15 Use the Internet to research other proofs Reflect

involving triangles. :
i How are angles in parallel

i lines useful in proofs involving
i triangles?
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?F Proofs and quadrilaterals

Different quadrilaterals have different
properties, and you can use your
understanding of angles in parallel lines and
triangles to prove these properties.

1 For each quadrilateral:
a draw an example

b demonstrate that each property is true.

2 Use the table of properties to decide if
each statement is true or false. If false, give
a reason.
a A square is a rhombus.

A is a parallelogram.

A parallelogram is a rectangle.

A rectangle is a parallelogram.

A square is a parallelogram.

-0 a 6 T

A rhombus is a square.

3 How might you prove properties involving:
a angles?
b side lengths?
¢ diagonals?

Parallelogram

Rhombus

Square

Rectangle

Trapezium

Opposite angles are equal

Opposite sides are parallel and equal

Diagonals each other

All sides are equal and opposite sides are parallel
Opposite angles are equal

Diagonals bisect each other at right angles
Diagonals bisect the interior angles

All sides are equal and opposite sides are parallel
All angles are right angles

Diagonals are equal in length and bisect each
other at right angles

Diagonals bisect the interior angles
Opposite angles are equal

Opposite sides are parallel and equal
Diagonals are equal and bisect each other

One pair of opposite sides is parallel

4 Why do you think that congruence might be important in these proofs?
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EXERCISE 7F Proofs and quadrilaterals

EXAMPLE 7F-1 Proving opposite sides of a parallelogram are equal

THINK

1 Draw and label a parallelogram. Mark in

a diagonal.

Name the two triangles.

Name the common side (the diagonal of
parallelogram).

Use knowledge of angles and parallel lines
to show angle equivalence.

Use a congruence condition to show the
triangles are congruent.

Show that the opposite sides of the
parallelogram are equal in length by
matching corresponding sides of the
congruent triangles.

Complete the proof with a closing
statement.

Prove that the opposite sides of a parallelogram are equal in length.

WRITE
X Y

W Z,

The two triangles are AWXY and AYZW.

The common side is WY.

XYW = LZWY (alternate angles)
ZYWX = LWYZ (alternate angles)

AWXY = AYZW (AAS)

WX = YZ because they are corresponding
sides of congruent triangles.
WZ =YX because they are corresponding
sides of congruent triangles.

Therefore, the opposite sides of a
parallelogram are equal in length.

1 Prove that the opposite sides of this parallelogram are B

equal in length by following these steps.

a Copy the parallelogram and draw a diagonal

between vertices A and C.

b Name the two triangles formed by the

diagonal AC.

¢ Name the side common to both triangles.
Use an understanding of angles and parallel
lines to show angle equivalence. A D
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e Use a congruence condition to show the
triangles are congruent.

f Show that the opposite sides of the parallelogram are equal in length by matching
corresponding sides of the congruent triangles.
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Draw the parallelogram LMNO and prove that its F
opposite sides are equal in length.

If FG = EF, prove that this shape is a rhombus.

E H
Prove that the opposite angles of a parallelogram are equal in size.
THINK
1 Draw and label a parallelogram. Q —R
P —>— S
2 Use an understanding of angles and ZQPS + /PSR = 180° (co-interior angles)
parallel lines to write statements about ZQPS + ZPQR = 180° (co-interior angles)
co-interior angles.
3 Equate the left sides of the equations. ZQPS + /PSR = ZQPS + ZPQR
4 Simplify by subtracting the same angle ZPSR = /PQR
from both sides.
5 Repeat steps 2-4 for the other pair of Similarly,
opposite angles. ZPSR + ZQRS = 180° (co-interior angles)

ZPSR + ZQPS = 180° (co-interior angles)
/PSR + ZQRS = £PSR + £ZQPS

Equate the left sides of the equations and simplify the resulting equation by
subtracting the same angle from both sides.

ZQRS = ZQPS
6 Complete the proof with a closing Therefore, the opposite angles of a
statement. parallelogram are equal in size.
= Prove that the opposite angles of N
m this parallelogram are equal by
“ following these steps.
g Use an understanding of angles
= and parallel lines to write A %
: statements about co-interior
= angles.
c
>
<

Repeat steps 2 and b to show equivalence for the other angle pair.

Complete the proof with a closing statement.
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Draw the parallelogram MARK and prove that its opposite angles are equal.

Draw the rhombus ISAC and prove that its opposite angles are equal.

Prove that XYZW is a parallelogram.

THINK

1 Copy the figure and include a diagonal. / —72

2 Show that the two triangles formed are XY =WZ
congruent. YZ=WX
X7 is common side
AXWZ = AZYX (using SSS)

3 Match the corresponding angles in these LWXZ = £YZX

congruent triangles. LXIW = L7ZXY
4 If alternate angles are equal, then the YZ || WX because the alternate angles

lines must be parallel. LWXZ and £LYZX are equal.

Note: || means ‘is parallel to’. XY || ZW because the alternate angles

ZXZW and £ZXY are equal.

5 Use the definition of a parallelogram to WXYZ is a parallelogram because opposite

prove that WXYZ is a parallelogram. sides are parallel and equal in length.

Prove that YETI is a parallelogram by following these steps. E T

Copy the figure and include a diagonal.

Show that the two triangles formed are congruent.
Match the corresponding angles in these congruent
triangles.

If alternate angles are equal, then the lines must
be parallel.
Use the definition of a parallelogram to prove that YETT is a parallelogram.

H H I

Prove that CHIP is a parallelogram.

Prove that a quadrilateral ABCD with four
equal side lengths is a rhombus.

C t P
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10

11

12

13

14

15

16

Consider this parallelogram. I

a  What angle is equal to ZIMR?
b What angle is equal to ZMIR?
¢ Show that AMIR = ATER.

d  Copy the figure and mark corresponding
sides for the congruent triangles.

e Explain how this shows that the T
diagonals of the parallelogram TIME
bisect each other.

f  Write the proof in full.

Draw a parallelogram and prove that its diagonals bisect each other.

Prove that this shape is a parallelogram.
(0) L

4

G

Consider this rhombus.

a Follow the steps from question 10 to prove
that the diagonals bisect each other.

b Hence show that the four triangles are
congruent to one another.

¢ Redraw the rhombus with markings showing
the corresponding sides.

4 Show that ZHOE = ZAOE.

e Use your understanding of angles around a straight
line to prove that the diagonals bisect each other at
right angles.

f  Write the proof in full.

Draw a rhombus and prove that its diagonals
bisect each other at right angles.

1 A

¢) NOTE Remember you
can use the symbol L
for ‘is perpendicular to’
or ‘at right angles to’.

Prove that this is a rhombus if: A
a AL =ML and CL=UL
b AU||MCand AC || MU.

Prove that parallelogram REMY
is a rectangle if ZREM = 90°.

U
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17

18

19

20

21

22

23
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Consider figure LEVI, where EV = IL, EV || IL and ZEVI = 90°.
E v

L I

a Prove that the remaining angles are 90°.

b Prove that EL =1V and EL || IV.
Use Pythagoras’ Theorem to show that LV = EI.
Hence prove that ALEV = AELI.

Prove that this shape is a rectangle by following

these steps.

a  Use the isosceles triangle theorem and what you
know about equal alternate angles to first prove <
that it is a parallelogram.

b Use ZLYE + ZYEL + ZELK + ZKLY to prove that ZELY = 90°.

¢ Prove that all interior angles are 90°.

Draw the quadrilateral DANE where the diagonals DN and AE are equal and bisect
each other. Prove that it is a rectangle.

Consider this rhombus. v A
a Prove that UG = RG and AG = SG

(that the diagonals bisect each other).
b Prove that AUAG = ARAG. S "

¢ Hence show that ZUAS = ZRAS.
d Explain why this shows that the diagonals of a rhombus bisect the interior angles.

Prove that Z/EVL = 45°.

What property of rhombuses (including squares) means that the diagonals bisect the
internal angles?

ACEG is a rectangle. If the vertices of HBDF touch the midpoints of each of the
rectangle’s sides, prove that HBDF is a rhombus.

A B C e
: Reflect s
H D How are congruent triangles
i useful in proofs involving
G E i quadrilaterals?
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?G Circle geometry:
circles and angles

There are many different theorems involving circles that allow you to solve problems. Before working
with these theorems, it is important you understand the special terms used in circle geometry.

1 Consider each term in this list:

, centre, , , , , , b
a Look them up in the glossary and write a definition.

b Match each term with one of the pronumerals, a4, in figures 1 and 2.

2 Consider figure 3. .

a Name the two chords. Figure 1
b Name the minor arc formed by the two chords.

¢ Name the angle formed by the two chords. 1
In circle geometry, you say that the angle is subtended by the arc, rather than

saying that an angle is formed by two chords.

oQ

d Copy and complete this sentence.

The arc subtends the angle Figure 2

e Imagine that there is a chord AC. Copy and complete this sentence about it: B

The chord AC subtends the angle .
Explain what ‘subtend’ means.
Why is it important to be familiar with the terms used in circle geometry before
carrying out any proofs? A

Figure 3

KEY IDEAS

» Understanding the terms arc, centre, chord, circumference, diameter, radius, sector
and segment is important in circle geometry. If necessary, refer to the glossary.

» An angle is subtended by the chord or arc that connects the endpoints of the two
chords that form the angle.

» Theorem 1: the angle subtended at the centre of the circle is twice the size of the
angle on the circumference subtended by the same arc.

» Theorem 2: any angle subtended by the diameter is a right angle.

» Theorem 3: all angles at the circumference of a circle that are subtended by the same

arc are equal in size.
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EXERCISE 7G Circle geometry: circles and angles

c
=
o
m
=
w
—
>
=
o
=
@
>
=
o
m
—
c
m
=
o
=<

1 Draw an example of a circle with each of these.
a achord XY
b an arc between points S and T
¢ the major segment formed by the chord UP
d the minor sector formed by the radii OM and ON
e
f

B
the arc that subtends ZXYZ
a chord that subtends ZDEF
C
2 Consider this diagram.
A
D

a  How do you know that AO = BO = CO?
b How do you know that ZABO = ZOAB?

¢ Use the theorem for the exterior This question demonstrates
angle of a triangle to show that Fhrele Ulnserem L
ZAOD =2/ABO.

d Use your answers to parts » and ¢ to
show that ZDOC = 2/0BC.

¢ Explain how this shows that
ZAOC =2£ABC.

|
Find the value of x in this circle. >, o
D

the angle subtended at the centre
of the circle is twice the size of
the angle on the circumference
subtended by the same arc.

THINK WRITE
1 Using Theorem 1 means that Z/DOF = 2/DEF. 136° = 2x
2 Write your answer. x = 68°

3 Find the value of x in each circle.
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4 Consider this circle.

A
N
This question demonstrates
Circle Theorem 2:
any angle subtended by the
C diameter is a right angle.

a  What is the angle at the centre of the circle?
b Use Theorem 1 to show that ZABC = 90°.

Find the value of x in this circle.

THINK
1 Using Theorem 2, ZABC is a right angle. ZABC =90°
2 Use the angle sum of a triangle to write an 2x +90° = 180°

equation to find the value of x.

3 Solve the equation and write your answer. 2x = 90°
x =45°

5 Find the value of x in each circle.

& (&

0
6 Consider this circle.

This question demonstrates

Y
X ‘ Circle Theorem 3:
All angles at the
)
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circumference of a circle
that are subtended by the
W same arc are equal in size.

a Use Theorem 1 to explain why ZWOZ = 2/WXZ.
b Similarly, show that /ZWOZ = 2/WYZ.
¢ What can you say about ZWYZ and LWXZ?
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EXAMPLE 7G-3 Using Circle Theorem 3

Find the value of x in this circle.

THINK WRITE
1 Using Theorem 3 means that ZDBC and £ZDBC = ZDAC
ZDAC are equal in size.
2 Substitute values and solve for x. 2x = 62°
x=3I°

7 Find the value of each pronumeral.

a b

S
B
J

a b

<3
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&

SR>

862

8 Find the value of each pronumeral, giving a reason.

/gw

[\
Q
A

[ >\
%

b/

e
\

i

Q

\4)
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9 Use your understanding of triangle and circle properties and theorems to find the

N c N

S &

‘I’

\

| A
Ny °

10 Consider this diagram, showing a cyclic quadrilateral S
(a quadrilateral that has each of its vertices on the / \
circumference of a circle). B D
a Explain why the obtuse angle ZAOC = 2x and \ l
A

value of x.
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the reflex angle ZAOC = 2y.

b Use angles around a point to explain why the
reflex ZAOC = 360° — 2x.

¢ Use your answers from parts a and b to show
that y = 180° — x.

d Copy the figure, replacing radii OC and OA
with OB and OD, and use this to show that
ZBAD = 180° — ZBCD.

e Find the value of cach pronumeral.

B i a i 3
= »
_—
@o X
\ 817 66° /
S~

11 Consider this diagram, showing another cyclic quadrilateral.
E

This question demonstrates
Circle Theorem 4:

the opposite angles of a
cyclic quadrilateral are
supplementary.

B

This question
A C demonstrates Circle
Theorem 5:
D the exterior angle of a

li drilateral i
a Use Theorem 4 to explain why ZADC = 180° — ZABC. R

b Why does ZEBC = 180° — ZABC?
¢ Explain why this shows that ZADC = ZEBC.

equal to the opposite

interior angle.
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d Find the value of each pronumeral.

12 Write a complete proof for each of the Circle Theorems, 1 to 5.

>

- 13 Use the given information to answer these.

E a Find £ZDBC, given that b Find ZDEG, given that
ZADB = 68°, OA = OB =0C BE L AC, Z0CG =19°
and ZBCD = 92°. and ZFOG = 142°.

NVZ N =Y

¢ Find ZODC, given that d Find ZOAB, given that
ZBAD = 96° ZGBC =46°, «/BCD = 138°
and ZCBO = 46°. and ZAFD = 70°.

14 Use dynamic geometry software or other Reflect

digital technology to demonstrate each :
i How are all the proofs in this
i section reliant on triangle

i properties?

theorem.
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?H Circle geometry: chords

Consider this diagram, ignoring the dashed line to begin with.

1
2
3

4

Now consider the dashed line.

Name the two chords shown.
Name the two radii shown.

The two radii are perpendicular to one another.
What does this mean?

Name the arc that subtends ZBOD.

5 Name the dashed line and describe it using circle terminology. D
6 EF bisects AB and DC. What does this mean?

GO = OH. This means that CD and AB are from the centre of the circle.

7 What does equidistant mean?

8
9

Explain how you know CD and AB are equidistant from the centre of the circle.

What else can you describe from this diagram?

KEY IDEAS

>

A chord is a straight line from one point on the circumference of a circle to another.

Theorem 6: chords that are equal in length subtend equal angles at the centre of the circle
Theorem 7: if a radius and a chord intersect perpendicularly, then the radius bisects the chord.
Theorem 8: chords that are equal in length are equidistant from the circle centre.

Theorem 9: when two chords intersect inside a circle, this divides each chord into two line
segments in which the product of the lengths of the line segments for both chords is the same.
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EXERCISE 7H Circle geometry: chords

c
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=
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=
o
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1 Consider this diagram, where AB = CD.

B
A / This question demonstrates
Circle Theorem 6:
chords that are equal in
C

) length subtend equal angles

at the centre of the circle.
a Given that OA, OB, OC and OD are radii,

what can you say about them?

b What type of triangle does this mean AOAB and AOCD are?
Explain why AOAB = AOCD.

d Explain why ZCOD = ZAOB.

EXAMPLE 7H-1 Using Circle Theore 5

A= C
Find the value of x in this circle if AB = CD. A

D
3
)

THINK WRITE
1 Since OC and OD are radii, they have equal length. OC=0D
2 This means that ACOD is an isosceles triangle ACOD is isosceles, so
so you can find the other two angles within the Z0CD = £Z0DC = 54°
triangle. ZCOD = 180° — 54° — 54°
=72°
3 Use Theorem 6 to identify the equal angles at the ZAOB = £ZCOD = 72°

centre of the circle.

4 Write your answer. x=72°

2 Find the value of x in each circle.

a ‘ b ﬁ ¢
A

(" ¥




CHAPTER 7: GEOMETRY

AJIN3INT4 ANV INIONVLSHIANN

3 Consider this diagram.

a
b

C

24 cm
Find the value of x in this circle. o
THINK
1 The radius and chord intersect at right angles.
Using Theorem 7, the length 3x is the same as 24 cm.
2 Solve for x. x=8cm

Explain why OA = OB.
Explain why ZOCA = ZOCB.
Use a triangle congruency
condition to explain why
AACO = ABCO.

Explain why AC = CB.

4 Find the value of x 1n each circle.

5 Consider this diagram, where AB = CD.

a
b

d

Explain why OE = OB = OD = OF.

Use Theorem 7 to explain why AG = GB and
CH = HD.

Likewise, use Theorem 7 and the fact that

AB = CD to explain why GB = HD.

Use a triangle congruency condition to explain
why AOHD = AOGB.

Explain why OH = OG.

Use your understanding of Pythagoras’ Theorem
to explain why the shortest distance from the
centre of a circle to a chord is perpendicular to
that chord.

3x =24 cm

This question
demonstrates Circle
Theorem 7:

if a radius and a

chord intersect
perpendicularly, then the
radius bisects the chord.

)/

A
B
D
C
F

This question
demonstrates Circle
Theorem 8§:

chords that are equal in
length are equidistant
from the circle centre.
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7H CIRCLE GEOMETRY: CHORDS

Find the value of x in this circle.

THINK

1 The chords are equidistant from the centre circle. 3x+3x=6+6
Using Theorem 8, the chords must be equal in length.

2 Solve for x and include the length unit. 6x =12
x=2cm

6 Find the value of each pronumeral.

<A b ¢ TN
R NQ ‘
’ \ 8 cm \\

7 Consider this diagram.

This question demonstrates

Circle Theorem 9:

Explain why ZCPD = ZAPB. when two chords intersect
b Use Theorem 3 to explain why inside a circle, this divides
ZDCB = ZDAB. each chord into two line
¢ Explain why ZPDC = ZPBA. segments in which the
d Explain how you can tell that ACPD product of the lengths of
is similar to AAPB. the line segments for both
. AP _CP chords is the same. In the
e Explain why you can state that — = =——
P VY BP DP figure below, a X d = ¢ X b.

and hence that

AP x DP = CP x BP. Qﬁ
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EXAMPLE 7H-4 Using Circle Theorem g9

Find the value of x in this circle.

THINK

1 Write the product of the lengths of the two line
segments for each chord.

2 Use Theorem 9 to write an equation.

3 Simplify the equation.

4 Solve for x and include the length unit.

\
/)

WRITE

chord 1: x X 3cm
chord 2: 2cm X 9 cm

xXX3=2x9
3x=18
x=6cm

ININOSVIY ANV INIATOS WIT90¥d | |

8 Find the value of x in each circle, correct to
X

Y @122

9 Find the value of each pronumeral, giving a
J2cm
a \ '
/ 13 cm

3x

AN
@ :

one decimal place.

cm

reason.
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7H CIRCLE GEOMETRY: CHORDS

10 Use your understanding of circle properties and theorems, and any other necessary
geometric properties, to find the value of each pronumeral.

EN

a

i

\é

~

—7

I (5
,4@

{-

),
=

11 Find the value of each pronumeral.

a i b /ﬁ ¢
‘k (0) 18°
<+ \ &
d f

12 Draw a circle with two chords. Show that constructing perpendicular bisectors of
these two chords locates the centre of the circle.

13 Write a complete proof for each theorem in this exercise.

14 Use dynamic geometry software or other digital technology to demonstrate each
theorem.

15 For each theorem in this exercise, create a problem to solve that involves the use of:
a simultaneous equations

b Pythagoras’ Theorem (where possible).

) ) i Reflect
16 Use the Internet to investigate the alternate ;
segment theorem. Write out a proof of what . Howis the centre of the circle
you find. Include an example of a problem and ; Importantin many circle
i theorems?

solution in your findings.
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7l Circle geometry:
tangents and secants

Two important concepts that have not yet been covered
are the and the

1 Use your glossary or other means to write the
definitions of these terms.

2 Name the tangent and the secant on this diagram.

A
B~ ¢

G

3 At what point does the tangent touch the circumference of the circle?
4 Name the points where the secant cuts the circle.

5 Explain the difference between a chord, a secant, a tangent and an arc.

» A secant is a line that cuts a circle twice.
» A tangent is a line that touches the circumference of a circle at one point only.
» Theorem 10: a tangent drawn at the same point to a radius will be perpendicular to that radius.

» Theorem 11:if two tangents intersect outside a circle, the distances along the tangent from the
intersection to the circumference of the circle are equal.
» Theorem 12: if two secants intersect outside a circle, the products of the entire secant length by

the external secant length will be the same.

» Theorem 13: if a tangent and a secant intersect outside a circle, the product of the entire secant
length by the external secant length will be equal to the square of the tangent length.
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EXERCISE 7?1 Circle geometry: tangents and secants

1 Consider this diagram, showing the intersection
of a radius and a tangent.

a Name the two radii and explain why they are
equal.
b Name the tangent at point B.

You may guess that ZOBD = 90° and, to prove
this, you instead imagine that another angle, in
this case ZODB, is 90°.

¢ Which side would be the hypotenuse of
AODB?

d  This would mean that OB > OD. Why does
this not make sense?

e How does this prove that ZOBD = 90°?

EXAMPLE 7I1-1 Using Circle Theorem 1c ¢
o A
Find the value of x in this diagram. l
D

This question demonstrates
Circle Theorem 10:

a tangent drawn at the same

AIN3INT4 ANV INIAONVLSHYIANN |

point to a radius will be

perpendicular to that radius.

THINK WRITE

1 Using Theorem 10 means that the angle between Z0OAB =90°
the tangent BC and the radius OA is 90°.

2 Use your understanding of complementary angles x=90°-13°
to find x. =77°

2 Find the value of x in each circle.

a C b c oA B C
X
% @
B
AP N o
A AN X C
5 D
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3 Consider this diagram, showing two tangents intersecting outside a circle.

B C
This question demonstrates
A Circle Theorem 11:
if two tangents intersect outside a circle,
the distances from the intersection to the
D E circumference of the circle are equal.
a How do you know that ZABO = ZADO = 90°?
b Explain why OB = OD.

Explain why AABO = AADO.
Explain why this means that AB = AD.

= 6

12 cm

Find the value of x in this diagram.

THINK

1 Using Theorem 11 means that the distances from the 4x =12
intersection of the two tangents to the circumference of
the circle are equal. Write this as an equation.

2 Solve for x and include the length unit. x=3cm

Find the value of each pronumeral.

a b 22 cm c 9y

27 cm 58 cm

5 Consider this diagram, showing two secants
intersecting outside a circle.
a  Explain why ZBOE = 2/BAE. B
b Explain why the reflex angle '
Z/BOE = 360° - 2/BAE. A /
E

¢ Explain how you know
/BDE = 180° — ZBAE.
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d Hence explain why ZBDC = ZBAE. This question demonstrates
Now consider ADCB and AACE. Circle Theorem 12:
¢ What angle do they have in common? if two secants intersect outside a
f What pair of angles have you already circle, the products of the entire
shown are equal? secant length by the external
¢ Explain why these triangles must therefore secant length will be the same.
be similar. A c In the figure below, a X b = ¢ X d.
E
h  Show that CD_ BC'

i Explain why this can also be written as
AC x BC = CE x CD.

Find the value of x in this diagram.

THINK
1 Using Theorem 12, write the relationship between ACxBC=CEXxCD
the secant lengths.
2 Write the length of each line segment. AC=4+5=9cm
BC=5cm
CE=3+x)cm
CD=3cm
3 Substitute these lengths into the relationship and I9X5=0B+x)x3
simplify. 45 =33+ x)
4 Solve for x and include the length unit. 15=3+x
x=12cm

6 Find the value of x in each diagram.
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7 Consider this diagram, showing a tangent and a secant intersecting.

This question demonstrates
Circle Theorem 13:

if a tangent and a secant

intersect outside a circle, the

product of the entire secant

2 Which angle do ABCD and ADAC have g By o Gt teinied ey

in common?
b Construct OD and OB, where O is the square of the tangent length.
centre of the circle, and explain why In the figure below, a X b = 2.
ZCAD = £CDB.
¢ Explain why ABCD and ADCA must
be similar.

d Explain how you know that CB _CD “ b
P Y CD CA’ ="
¢ Explain why this can be written as
CA x CB = (CD)?.

length will be equal to the

AIN3INT4 ANV INIONVLSYIANN |

4 cm
Find the value of x in this diagram. 6 cm
THINK
1 Using Theorem 13, write the relationship for an axb=c?
intersecting secant and tangent.
2 Write the length for each line segment. a=(x+4)cm
b=4cm
c=6cm
3 Substitute into the formula and simplify. (x+4)x4=62
4(x+4)=136
4 Solve for x and include the length unit. x+4=9
x=5cm
8 Find the value of x in each diagram.
10 cm
a 7 cm 11 cm b 8 cm 4 cm ¥
8 cm
6x
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10

11

12

13

14

15
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Find the value of each pronumeral, giving reasons. ;
2x Y

b A B C
O
3x+4 D

8x

13 cm 24 cm

E

d e f
\ 9 cm
3cm\ [4cm 6 cm

Use your understanding of any relevant circle theorems and geometric properties to

find the value of each pronumeral, giving reasons.
y
204° M

b B i

&

)

a 10 cm b

|
\

Write a complete proof for each theorem in this Exercise.

For each theorem in this Exercise, create a problem to solve that involves the use of:
2 simultaneous equations

b Pythagoras’ Theorem (where possible).
Find the value of each pronumeral in these diagrams.

a b c

8 cm

‘ 5cm 10 cm

The diagram in question 3 shows two tangents that intersect outside a circle. Prove
that a straight line drawn from the centre of the circle to the intersection point bisects
the angle formed by the two tangents.

|

Use dynamic geometry software or other

.. : What geometric properties do the
digital technology to demonstrate each :

circle theorems rely on?
theorem.
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Create a summary of this chapter using the key terms below. You may like to write a paragraph, create a

concept map or use technology to present your work.

corresponding angles

alternate angles quadrilateral

co-interior angles parallelogram bisect
complementary angles rectangle

supplementary angles square

vertically opposite angles rhombus axiom
transversal kite proof

regular polygon

What angle is supplementary to 25°?
75° 155° 65° 335°
AANP = AGWK, where the order of the
letters represents corresponding vertices
of the two triangles. Which statement is

correct?
ZAPN = ZKGW
ZPAN = ZKWG
ZNPA = ZGKW
ZNAP = ZWGK

Which of these is not a test for
congruent triangles?
AAA B SSS SAS AAS

Which of these is not a test for similar
triangles?
AAA SSS SAS AAS

Straight lines AB and XY intersect at
P. Given that ZAPY = 2/APX, which
statement is true?

ZBPX =2ZAPY
ZXPB =2/APX
ZYPB =2/APX
ZAPX =2/BPY

trapezium

congruent figures

similar figures
scale factor

circle diameter
arc subtended
chord cyclic quadrilateral
segment equidistant
sector tangent
circumference  secant
radius line segment
P
Which statement
is true? /\
ZRPQ=/ZRQP S R Q T
ZPRS = /PQT \

ZTQP = Z/PRQ + ZRQP
ZRPQ + ZPQR = ZSRP

Which one is not a parallelogram?
square kite

rhombus rectangle

The angle in the centre of a circle
and the angle at the circumference
subtended by the same arc are
complementary angles. Which values for
the two angles are possible?

60° and 30° 45° and 45°

90° and 45° 120° and 60°

A circle contains two chords of the
same length. Which of these is not true?
The arcs on which they stand are the
same length.
The chords are the same
perpendicular distance from the
centre.
The chords can not intersect.
The chords subtend equal angles at
the centre of the circle.



Decide whether each statement is true
or false. For any false statement, provide
a reason.
The diagonals of a kite intersect
at 90°.
It is not possible for a triangle to
have a concave angle.
If a kite has four equal sides, it can
be classified as a rhombus.
It would be possible to construct a
triangle with side lengths of 3 cm,
7 cm and 4 cm.

A rectangle ABCD has side lengths of
4 cm and 3 cm. Its diagonals intersect at
the point P.

Draw a diagram to represent this
rectangle.

Explain why ZABP is equal to
ZCDP, and ZPAB is equal to ZPCD.
Explain why APAB = APCD.

If #ZBDC = 37°, find the size of
ZCBD.

Provide a A D
reason why ™~ e
AARC is . By E
similar to 10 cm

AEBD. c

Consider AEBD to be the image of
AABC. What is the scale factor?

What is the length of AB?

AABC has an internal line drawn from

the vertex B, meeting the opposite side

AC at the point D. These are the facts

known about this triangle.

ZABD + ZDBC = 90°

ZBAD + £ZBCD = 90°

/BAD + ZADB + ZABD = 180°
Draw a sketch of this triangle.

Use only the given information to
prove that ZADB = ZDBC + ZBCD.

e:6

e 6

Questions © and

Questions 11 and

7 CHAPTER REVIEW

Refer to this diagram
and write a proof
to show that:
ZAEC =2/ADE
2/ADE + /BAE = 180°

ZEEB
D C

E

Use the information in the diagram
below to prove that figure PQRS is a
rhombus.

P Q
<7
S R

Determine the size A ‘ B
of these angles. v
ZAOD /

ZACD D Q
ZOAD ¢

Prove that 2ZRPO + 2£ZQPO + ZPOR
+ ZPOQ = 360°

refer to this diagram.

Determine the
size of ZDBC.

Prove that
/DBC = ZABD.

refer to this diagram.

Determine the
size of ZKPT.

357

me

Prove that

ZTSN = ZRNS

wn

A
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If ZABC + ZCBD = 180° and
ZEBD + ZDBC = 180°, write a relationship
between ZABC and ZEBD.

AADM = ARWZ, where the order of the
letters represents corresponding vertices of
the two triangles. These details are known
about AADM: ZDAM = 90°, ZAMD = 67°,
AM=5cm, AD =12cm, DM =13 cm
Use congruency to find these.

RZ ZWRZ

\\V4 ZRWZ.

AXGR is similar to AKFY, where the order of
the letters represents corresponding vertices
of the two triangles. Which of the following
statements about the two triangles is true?

_ XG _ RX
ZGRX = ZFKY = yE
_ FY _KY
ZRXG = ZKFY GR - XR

Name the shape of this figure.

Give the size of each
internal angle.

There are eight smaller triangles
within the figure.

What is the size of the central angle of

each of these triangles?

Explain whether these triangles are similar.

Are the triangles all congruent to each

other? Give a reason for your answer.
Explain these statemeiits.

Two similar figures may also be congruent.

Two congruent figures must also be similar.
Ifa+b=180°,b+¢=180°and c +d =
180°, which of these is true?

a+d=180° a=>b

b=c a+c=180°
A rational number 7 can be represented in
the form f, where y # 0, and x and y have

no common factors. Explain whether the
reciprocal of n is also a rational number.

A regular polygon has internal angles of 150°.
Write a formula you could use to
determine the number of sides in the
polygon.

Substitute into this formula to calculate
the number of sides in the polygon.
What is the name of this polygon?

J
What would be the
simplest congruency
.. K
condition you could v
use to prove
ANJK = ANMK? ¢

Which statement is not correct for two
congruent triangles?
the ratio of corresponding sides is 1
corresponding sides are equal in length
corresponding angles are equal in size

they are not similar

Questions 11 and A B
refer to this diagram. 4 1
This represents the - =

. E 1 1 C
back view of a D

rectangular envelope with the flap folded down.
The envelope is twice as long as it is wide.

Using only the information provided in the
diagram, which congruency condition could
you use to prove AADE = ABDC?

RHS SSS SAS AAS

Prove that ZADB is a right angle.

Questions 13 and 14 refer to this diagram.

Find a relationship between ZWQY and
ZOYZ.
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@ Which statement is incorrect? State the relationship between ZPOQ and
OW = 0X ZOQR.
ZXWO = ZWXO
ZWOY = ZOWX
WX =YZ

e 6

AB and XY are tangents to the two circles.
Prove that AB = XY.

Questions 15 and 16 refer to this diagram.

Q

P 0 R @ Prove that, if a cyclic quadrilateral is a
parallelogram, then it must be a rectangle.
@ Determine the size of ZPQO.

Congruent and similar figures are everywhere
in everyday life. These figures can create quite This Penrose triangle is said
pleasing, and often unusual, images. to be ‘impossible’ because
it cannot be constructed
as a 3D object.
K /7 Appropriate shading
\/ creates the perception of the 3D image.

\ \_J/ (Use an Internet search to see a 3D sculpture of
this triangle in Perth, Western Australia. There
is a trick, however!)

Trace the figure, and cut around the edges.

Here is a stylised image of the logo Cut out the three shaded shapes.
displayed on Volkswagen cars. Describe the congruence of these shapes,
How many sets of parallel and explain how they fit together.
lines are in the drawing of the logo?
The angles within the V and the W are all The patterns in quilting
equal in size. Explain how you know this are structured around
is s0. congruent figures.
The logo displays vertical symmetry. Does How many different
this mean that there are congruent shapes congruent shapes are shown in this pattern?
within the letters? Explain. Describe the shape/s.
Are there any similar shapes within the Copy the pattern, and extend it in all

letters? directions.
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CONNECT

Euclid was a Greek mathematician who lived around 300 Bc.
He is sometimes called the ‘Father of Geometry’. His most
famous and influential work was his series of 13 books,
Elements, in which he set out definitions, axioms, theorems
and proofs of the theorems.

Your task :

g

8
8
g

Select five different proofs from Euclid’s elements and use your own
examples to demonstrate them. To complete this task you will need
to follow these steps.

Select five different proofs from Euclid’s Elements.
For each proof:
* draw a relevant diagram complete with labels on each vertex

* use your understanding of parallel lines and angles and
congruence in order to demonstrate the proof using your diagram

* setout the proof in a logical sequence; you may wish to redraw
the diagram several times to help you.

Ensure that you use proper mathematical terminology.

.
..........................................................................................................................................................




7 CONNECT

You will need:

e access to the Internet
e ruler

* protractor

* pair of compasses.

You may like to present your
findings as a report. Your report
could include:

* aPowerPoint presentation
* abooklet
* aposterseries

e other (check with your
teacher].
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